In this article, we define the n × n Fermat Power GCD matrices defined on non factor-closed and non gcd-closed sets. A complete characterization of their factorizations, determinants, reciprocals, and inverses are given.
Introduction
Let T = {t 1 , t 2 , ..., t n } be a well ordered set of n distinct positive integers with t 1 < t 2 < ... < t n . The GCD matrix (T ) is a n × n square matrix such that (T ) ij = (t i , t j ), where (t i , t j ) is the greatest common divisor of t i and t j . The power GCD matrix on T is also n×n square matrix such that (T r ) ij = (t i , t j ) r ,
where r is any real number. The set T = {t 1 , t 2 , ..., t n } is said to be factorclosed if t k ∈ T for any divisor t k of t i ∈ T , and T is said to be gcd-closed if (t i , t j ) ∈ T, for every t i and t j in T . In 1876, Smith [15] showed that if T = {t 1 , t 2 , ..., t n } is a factor-closed set of distinct positive integers, then det(T ) = φ(t 1 )φ(t 2 )...φ(t n ). In 1996, S. Z. Chun [7] introduced the concept of the r th power GCD matrices for any real number r. Moreover, he calculated the determinants of the r th power GCD matrices defined on both factor-closed and gcd-closed sets. In addition, he obtained the structures for their inverses and reciprocals over the domain of natural numbers. Now, let T = {t 1 , t 2 , ..., t n } be a set of distinct positive integers. Then, the Fermat power GCD matrix (F r ) defined on T is the n×n square matrix whose ij th entries are of the form (f ij ) r = 2
, where r is any real number. In this article, we define the n × n Fermat Power GCD matrix as (F r ), for any real number r, on both factor-closed and gcd-closed sets. Then, we give a full description of its factorizations, determinants, reciprocals, and inverses.
Fermat Power GCD Matrices Defined on
Non Factor-Closed Sets
In this section, we present structure theorems for Fermat power GCD matrices defined on arbitrary sets that are either factor-closed or not.
Structure of Fermat Power GCD Matrices
Definition 2.1 Let T = {t 1 , t 2 , ..., t n } be a set of distinct positive integers, then the incidence matrix E n×n = (e ij ) of T is the matrix defined as e ij = 1 if t i | t j and 0 otherwise. Definition 2.2 Let T = {t 1 , t 2 , ..., t n } be an arbitrary set of positive integers, the generalized Fermat power function on T is defined inductively for all
where r is any real number.
Theorem 2.3 Let T = {t 1 , t 2 , ..., t n } be a non factor-closed set of positive integers and T = {y 1 , y 2 , ..., y m } be the factor-closed closure of T (the minimal factor-closed set containing T ). Then, (F r ) = EA r E T , where E is the n × m incidence matrix of T on T , and A r is the m × m diagonal matrix such that a ii = g (y i ).
Proof. Since E is an n × m incidence matrix of T on T , then e ij = 1 if y j | t i and 0 otherwise. Hence,
(e ik a kk e kj ) =
Theorem 2.4 Let T = {t 1 , t 2 , ..., t n } be a non factor-closed set of positive integers, and T = {y 1 , y 2 , ..., y m } be the factor-closed closure of T . Then, (F r ) = A r E T where a ij = g(y j ) if y j | t i and 0 otherwise, and E is the corresponding incidence matrix relative to A r .
Proof. The ij th entries of the incidence matrix E relative to A r are defined as: e ij = 1 if a ij = 0 and 0 otherwise. So, the ij th entry of A r E T is
Theorem 2.5 Let T = {t 1 , t 2 , ..., t n } be a non factor-closed set of positive integers, and T = {y 1 , y 2 , ..., y m } be the factor-closed closure of T . Then, (F r ) = A r A T r where a ij = g(y j ) if y j | t i and 0 otherwise. Proof. The ij th entry of A r A T r is defined as:
Determinant of Fermat Power GCD Matrices
Theorem 2.6 Let T = {t 1 , t 2 , ..., t n } be a non factor-closed set of positive integers, and T = {y 1 , y 2 , ...,y m } be the factor-closed closure of T with n ≤ m. Let E (k 1 ,k 2 ,...,kn)r be the sub-matrix consisting of the k 
and 0 otherwise, and let E = (e ij ) be the corresponding incidence matrix relative to A r . Since A r is a triangular matrix with
. Define, for some indices k i such that 1 ≤ k 1 < ... < k n ≤ m, the matrices A (k 1 ,k 2 ,...,kn) and E (k 1 ,k 2 ,...,kn) to be the sub-matrices consisting of the k th 1 , k th 2 , ..., k th n columns of A and E, respectively. Then,
In the case where T = {t 1 , t 2 , ..., t n } is a factor-closed set of distinct positive integers, we have the following corollary.
Corollary 2.7 If T = {t 1 , t 2 , ..., t n } is a factor-closed set of distinct positive integers, then A is n × n diagonal matrix with diagonal entries a ii = g (t i ) and E is also n × n square incidence matrix relative to A, and hence det (
Proof. By Theorem 1, we have det (
By Theorem 2, we have det (
Reciprocal of Fermat Power GCD Matrices
In this section, we present the reciprocals of Fermat power GCD matrices defined on arbitrary sets that are either factor-closed or not. A complete characterization is also given.
Definition 2.8 Let T = {t 1 , t 2 , ..., t n } be a set of distinct positive integers, then the n × n matrix (F −r ) ij =
Theorem 2.10 Let T = {t 1 , t 2 , ..., t n } be a non factor-closed set of distinct positive integers. Then, (F −r ) = EA −r E T , where
.., h(t n )) and E is an incidence matrix of T , such that e ij = 1 if t j |t i and 0 otherwise.
Proof. Let T = {y 1 , y 2 , ..., y m } be the factor closed closure of T . Define the m×m diagonal matrix whose diagonal entries are a ii = h (y i ) for all 1 ≤ i ≤ m. Let E be the n × m incidence matrix of T relative to T such that e ij = 1 if y j |t i and 0 otherwise. Then,
(e ik a kk e jk ) =
Inverse of Fermat Power GCD Matrices
Definition 2.11 Let T = {t 1 , t 2 , ..., t n } be a set of distinct positive integers. The inverse of Fermat power GCD matrix is the square n × n matrix (
Theorem 2.12 Let T = {t 1 , t 2 , ..., t n } be a factor-closed set of distinct positive integers, and let E be the incidence matrix relative to T , such that e ij = 1 if t j |t i and 0 otherwise. Then, the inverse of E is the matrix M T such that m ij = µ(
Proof. Since T is factor-closed, then E is an n × n square invertible matrix such that
This implies that E −1 = M T , and hence
Fermat Power GCD Matrices Defined on Non gcd-closed Sets
In this section, we study Fermat Power GCD matrices defined on non gcdclosed sets. Full description of the their factorizations, determinants, reciprocals, and inverses are given.
Structure of Fermat Power GCD Matrices
We prove three different factorizations for Fermat power GCD matrices over non gcd-closed sets.
Theorem 3.1 Let T = {t 1 , t 2 , ..., t n } be a gcd-closed set of distinct positive integers, and let g (t k ) =
Proof. It is clear that any set T of distinct positive integers is contained in a gcd-closed set. Denote by T to be the minimal gcd-closed set containing T . It is worthwise to observe that T usually contains considerably fewer elements than any factor-closed set containing T . Also, it is clear that Theorem 3.2 Let T = {t 1 , t 2 , ..., t n } be a non gcd-closed set of distinct positive integers, and T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T , then (F r ) = EA r E T , where E is the incidence matrix relative to T and A r is an m × m diagonal matrix.
Proof. Let T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T . Define the m × m diagonal matrix A r as follows:
). Let E be the incidence matrix of T on T
such that e ij = 1 if y j |t i and 0 otherwise. Then, (
Theorem 3.3 Let T = {t 1 , t 2 , ..., t n } be a set of distinct positive integers, and T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T . Proof. Since A r and E are n × m matrices, then (
Theorem 3.4 Let T = {t 1 , t 2 , ..., t n } be a non gcd-closed set of distinct positive integers, and let T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set con-
Determinants of Fermat Power GCD Matrices
Theorem 3.5 Let T = {t 1 , t 2 , ..., t n } be a non gcd-closed set of positive integers, and let T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T with n < m. If E (k 1 ,k 2 ,...,km)r is the sub-matrix consisting of the k columns of E for some indices
Proof. Let A = (a ij ) and E = (e ij ) be its corresponding incidence matrix, where a ij = indices k i such that 1 ≤ k 1 < k 2 < ... < k m ≤ n, the matrices A (k 1 ,k 2 ,...,km) and E (k 1 ,k 2 ,...,km) to be the sub-matrices consisting of k 
Corollary 3.6 Let T = {t 1 , t 2 , ..., t n } be a gcd-closed set of distinct positive integers, then det[
Reciprocals of Fermat GCD Power Matrices
Theorem 3.7 Let T = {t 1 , t 2 , ..., t n } be a non gcd-closed set of distinct positive integers, and T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T , then (F −r ) = EA −r E T , where Proof. Let T = {y 1 , y 2 , ..., y m } be the minimal gcd-closed set containing T . 
Inverse of Fermat GCD Power Matrices
Theorem 3.8 Let T = {t 1 , t 2 , ..., t n } be a gcd-closed set of positive integers, then the inverse of (F r ) is (F r ) −1 such that
Proof. Since T is gcd-closed, then E is an n × n square invertible matrix such that E −1 = M T . Then, 
